AT721 Section 7:

Approximate methods of solution

The prolific use of simple models to solve the radiative transfer equation can be entirely understood in
terms of the desire to obtain relatively accurate solutions that require very little computational effort and
relatively free of complexity. The expediency of the simple approximate solutions is desirable for a number
of problems that we encounter in the atmospheric sciences that require an immense number of repeated
radiative transfer calculations. We provide two examples to illustrate the scope of these problems. The
first is the example of calculating broad-band fluxes as required in global weather forecast and research
climate models. A single broad-band flux profile is constructed from several monochromatic solutions of
the radiative transfer equation. This might require as many as 180 solutions (e.g. Stephens et al., 2001)
which then have to be repeated for each grid-point of the model to produce a global distribution of fluxes.
A global model with an intrinsic resolution of 2.5 degree latitude/longitude has 10368 grid-points. This
equates to a requirement of more than 186000 solutions for the construction of global broad-band fluxes
at a single time step. Another example is in the retrieval of atmospheric properties from satellite radiance
data. In this application the solution represents the forward model in the retrieval processes and several
evaluations of the solutions are typically required for each observed pixel. In the case of single channel of
MODIS (ref here), with a pixel resolution of 1 km, a swath width of (approximately) 2000 km, there are
more than 44,000 pixels in a single orbit for a single channel of data.

Simple models also serve another purpose that is too often overlooked. They offer a broader view at
the intricate way in which the radiance field depends on the properties of the scattering and absorbing
medium therefore providing a way of comprehending the results obtained from more complex methods of
solution. It is this latter application that will stressed here.

7.1 The asymptotic nature of the Radiance field

On examination of the equation of transfer, in either its integro—differential or its integral form,
one is confronted with the complicating presence of the integral term which involves an integration over
the direction variable. In fact if it weren’t for this term, the equation of transfer would be but a mere
differential equation and the theory of multiple scattering would have been worked out and forgotten long
ago. Thus the essence of the simplification that is introduced by the class of simple models discussed
here is to approximate, in some way, the angular shape of the radiance field so as to introduce some
approximation to this integral term. To this end there is a property of the radiance field that is utilized to
great benefit by these approximate methods although it is not often explicitly realized. This property is
illustrated in Figs. 7.1a and b in which the zenith radiance distribution is shown on descent into the sea
(Fig. 7.1a) and deep in a thick cloud (Fig. 7.1b). It is apparent that this radiance structure approaches
some sort of asymptotic form with increasing depth into the “medium” — i.e the angular variation assumes
a simple, repeatable structure. Eventually some steady distribution is reached and all radiances decrease
at the same exponential rate with increasing depth ultimately shrinking down in size but preserving its
shape. It is also apparent that this asymptotic distribution can be described as some simple function of
zenith angle.

Given this observation we might therefore propose that the radiance field in this asymptotic domain
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has the form

~

I(7,€) = f(7)g(€) (7.1)

where the spatial and angular structures of the radiances separate. The factor f(7) , for example, represents

the exponential rate of decay of radiances in the medium and the factor g() is the conjectured fixed angular
distribution that takes a relatively simple form (refer to our discussion in section 2.x).

7.2  Classifying approximate methods and their domain of rele-
vance

Before describing the methods that make use of this property, the domain diagram shown in Fig. 7.2
demonstrates the validity of the following different types of approximations:
e single scattering
e single and double scattering
e diffusion approximation
e asymptotic approximation as 7% — o0

Figure 7.2 The domain of validity of different approximations is shown for
the reflection of vertically incident sunlight in isotropic scattering. Left side:
single scattering suffices, heavy shading single plus double scattering suffices.
Right side, 7% = 00 suffices, heavy shading the diffusion approximation
suffices. Drawn are the limits corresponding to 1% deviation from exact

value. Dashed curves are where the deviation becomes 5%.

Single scatter theory applies when the volume density is considerably smaller than ~ 0.1% (volume oc-
cupied by particles to volume of medium). When this volume density is 1% or greater then the diffusion
approximation not only offers simple and reasonably accurate results but provides some insight into the
decay of the light field in the medium. For the range of optical depths in between these limits, full solutions
to the RTE are required.
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Figure 7.1 (a) The flux distribution on a clear sunny day at two indicated depths in Lake Pend Orielle, Idaho (adapted
from Preisendorfer, 1976).These fluxes are defined for a collecting surface inclined at an angle 8 as shown in the inset. (b)
Measured intensity as a function of zenith angle obtained from a scanning radiometer on an aircraft as it flew through the
center of a deep stratiform cloud. The lower curve is the difference between measurement and a simple cosine of zenith angle

variation (King et al., 1990).
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Two simple methods will now be discussed that make use of the asymptotic property of radiance.
The second method to be described is perhaps the more widely used and is known as the two stream
approximation. The real benefit of the method lies more in the insight the method offers rather than
the simplification of the transfer equation it provides. The first method is the diffusion approximation
and provides solutions that are so similar to the two stream method that discussion of it in the same
context seems warranted. As we will see, the diffusion approximation is more explicitly dependent on the
asymptotic hypothesis than is the two stream approximation.

7.3 The diffusion approximation
We write the general form of the radiative transfer equation as

& VI (7.) = =0ear(M (7€) + L. (7€) + 1. (7€) (7.2)

where the integral term is written in short—hand form

L(r.€) = /P<r EE)I(r, E)a0(E).

For reasons that will become apparent shortly, the diffusion approximation characteristically focuses on
the description of the quantity

U(r) = - / 17, €)dE.

47'[':

rather than on the intensity I(7,€) — that is on the density of the total flow at 7 rather than the density

confined to some direction E The quantity 47U (r) is referred to as the actinic flux and the quantity U(r)
is the mean intensity. In (7.2)

Oext (F) =K (F) + Osca (F)

If we integrate (7.2) over all directions using to the integral operator [ ---dQ(£') then (7.2) reduces to
V- Fret (r) = —a(r) U (r) + Ue (r) (7:3)

where we write Ue (7) for [ I, ( ) dQ (f) and we make use of the identify [- I, (F, é) dQ (é) =0.
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To see how we arrive at (7.3), let us consider the plane parallel (azimuthally
averaged) counterpart to (7.2), namely

dl

1
O—SCG. z
p = —OextI + Oacalz) / P (') I (W) dp’ + Ie(p)
dz 2 -1

and integrate

1 1 1 1
I sca
27T/ Nidﬂz aezt%/ Idu+07(z) 2%/ / P(p, ) I (1) dpdyy
1 dz 1 2 —-1J-1

1
+27r/ Ie(p)dp

-1

which in recognizing the definition of F,¢; reduces to

anet
dz

= —Jext(Z)U(Z) + Usca(z)U<Z) + UE(Z)

by virtue of the phase function normalization condition. Since oe.: =
a(z) + s(z) we thus obtain

anet
dz

= —k(2)U(z) + Uc(z)

Equation (7.3) contains two unknown quantities, namely F,,.; and U(z) and thus cannot be solved
without further information about how each is related to the other. In the diffusion approximation, we
make the assumption that F)..(7) shall be proportional to — 57 U, and that the proportionality constant
is the diffusion coefficient d (which will be taken as constant). That is we invoke Fick’s law

Fret (T) =—d \V4 U (F) (74)

As we discuss below, the closer w, — 1, the better (7.4) becomes. Also, (7.4) increases in accuracy with
distance from the boundaries of the medium (Fig. 7.3).
Substitution of (7.4) into (7.3) yields the desired scalar diffusion equation for U(r) of the form

=V dv U] = =r(PU(7) + Ue(r) (7.5)

or

—d U (7) = =& (F) U (7) + Ue(7) (7.6)

which can now be solved for U(7). In order to extract the desired hemispheric flux information we need
to introduce further assumption about the intensity field

7.1.1  Radiance distribution in diffusion theory
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Figure 7.3 Tllustration of the relevance of Fick’s law — calculations of
F et and U in a two dimensional cloud. The arrows denote the sense of the
direction of the net flux and the contours are of U (Gabriel, 1993 personnel
comm). Fick’s law applies in those regions where the arrows point
perpendicularly to the U contours.

According to the observation that the shape of the radiance field is invariant deep in a thick cloud
and has a simple structure, let us propose that the radiance field is separable in the sense that

1(7.8) = £ (7 9 (£)

and more specifically that a spherical harmonics expansion is an appropriate representation of the field.

Thus we approximate . .
1(7€) =3 > Er@er(§) (7.7)

n=0 m=n

where

) - [2n+1 (n—m)!

1/2
m m imeo
®n (5 47 (n+m) !] P (w)e

21 1
Fm (7) = / / G g00) B 0)

For example and in keeping with our interest in fluxes, we use only the first two terms in the expansion
form=0
I = Fydf + Floy

where



7 Chapter 7 — Approximations

so it follows that

or in terms of U and Fj,.;

I(5,) = 4= [U (2) + 3Pt (2)] (7.8)

This form of intensity function provides a relatively mild structure dependence on p (Fig. 7.2) but it is
one that nevertheless is observed in real clouds. Using (7.4) we cast (7.8) into a form involving only U(z)

1) = 1= [U(z) = 3du v U (=)] (7.9)

7

Now we can estimate d using the following steps:
e substitute (7.9) into (7.1)
e introduce the two term expansion of the of the phase function as

p(p, 1) = 1+ 3gup’
and carry out the integrals of the path radiance term, then the value of d is
d = [30eni(1 — gw,)] " (7.10)

and with g ~ 0.8 — 0.85 and @, ~ 1 for terrestrial clouds, then d ~ 2/0,4

7.1.2  Boundary conditions

Figure 7.4 Geometry illustrating the problems of boundary conditions

in the diffusion domain.
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The boundary condition that we usually invoke is the diffuse intensity I(7, é ) = 0 for intensity entering
the medium. Here we encounter a problem with the diffusion approach. Consider Fig. 7.4 and define the
inward normal as n at point 7. Thus the condition required is:

I(FE) =0 £-n<0 (7.11)

According to (5.8) however, the intensity has a simple angular distribution, namely

L2 1 3. .
I(T’,g) = EU(F) + Eg ’ nFnet(F)
—_— ——
>0 <0,>0

The first term is always positive definite whereas the second term assumes either sign depending on the
sign of Fye¢ (usually > 0 at the boundary point 7). Thus our condition cannot be satisfied exactly and
some type of approximate boundary condition must be considered. Consider the geometry of a stratified
atmosphere to fix ideas

F7(2)=0 at z=aand for £ - = —p <0

Since

27 1
Faal) = [ [ 16w dd = )+ PG

it follows that
Fnet — F+

such that the approximate boundary condition at z = a is

U 3uFt
I(z=a,—p) = Py =0 (7.12)
and on substitution of (7.4) into (7.12) yields
2 dU
I(z=a,—p)=U+ K =0 (7.13)

30ext (1 — wog) dz

One way of assessing the error associated with the approximate boundary condition is to compare (5.13) to
a particular problem for which we know the exact solution - the Milne problem. For this case (semi-infinite
atmosphere, isotropic scattering), the diffusion satisfies the boundary condition

0.7104 dU
= w— =
WDoO ext dz

U+

0 (7.14)

within 0.7% for 0.6 < &, < 1. Thus it is clear that (7.13) is only an approximation to (7.14) where the
factor 2/30c.t (1 — wog) approximates 0.7104/w,0..¢. Clearly for the isotropic case (g = 0), the factor
2/30¢,+ approximates the Milne factor best for @, — 1 (i.e., the particles that are mostly scattering rather
than absorbing).

7.1.8  Simple solutions using diffusion theory
Let us consider a plane parallel, sourceless atmosphere with U, = 0 and suppose we are deep in the
medium. Thus the diffusion equation of relevance follows from (7.6) as

d7?U — kU =0
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which admits solutions of the form
Uz) = Cre* +C_e ™ (7.15)

A= \/5 = \/3"1 (Uemt - ggsca)

and Cy and C_ are boundary conditions. It can be simply demonstrated that

where

A < Oeut

which suggests that transmission of diffuse radiation exceeds that associated with direct beam attenuation.

(a)  Infinitely thick medium
Deep in an infinitely thick medium, the approximate form of (7.15) is

U(z) =C_e ™ =U(0)e ™ (7.16)
since Cy = 0. Thus it follows that
au
— =-\U
7 (2)
and when substituted into (7.9)
_U() _ U s
I(z,p) = == [L = 3Adp] = == Dy () e (7.17)

where

Dyp(p) = [1 — 3Adp]

is the diffusion pattern. For conservative scattering, w, = 1, x = 0 and the diffusion pattern is character-
ized by isotropic radiance field. Fig. 7.5 shows examples of the diffusion pattern for different values of w,
as a function of pu.

Figure 7.5 The diffusion pattern as a function of i for a H-G phase

function with ¢ = 0.85 and for seven values of single scattering albedo.
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(b)  Finitely thick layer Az = z*
Using (7.15), it follows that at

z=0 : UW0)=Cy+C_

z=zx @ U(2*)=Cpe +Ce™™ (7.18)
Cy = ﬂ:U(z*) ;ZEO)GJFAZ — e
where again from (7.9)
1) = S Dy + Dy (e

where

D,(£p) =1+ 3\dp

[Reference King, 1981: A method for determining the single scattering albedo of Clouds Through
Observations of the Internal Scattered Radiation Field, J. Atmos. Sci., 38, 2031-2044.] The angular
distribution of the intensity deep in a thick cloud is defined by the diffusion pattern. As we have already
noted, this pattern varies as a simple function of . The amplitude of this variation is directly proportional
to d\ (Fig. 7.5), which by definition is

A=[B(1—wo)(1 ~ wog)]*Tea

where we define the factor

V3d\ = s = <1_w0>1/2

1_wog

is know as the similarity parameter. Two important aspects relating to s require comment:
e the angular structure of the radiance field within the diffusion domain in two clouds is the same when
s is the same. By scaling the extinction we can convert a problem of anisotropic scatter to one of
isotropic scatter.
e Measurements of D,,, and an estimate of g provides a means of determining w, (Fig. 7.6)



11 Chapter 7 — Approximations

Figure 7.6 The spectrum of § and @, derived from calculations and the
estimates of these parameters using measurements of the intensity in clouds

from an instrument that scans from zenith to nadir.

7.4 The two stream approximation

While it is possible to approach the development of the two stream equations in a number of different
ways, the end result is always the same, namely that we arrive at equations of the form

i (v )= (0 2) () (5) 19

d
—F=AF+YX% 7.20
dr + ( )

which is merely another expression of (4.20). For the problems of solar radiative transfer

or as

Z:I:

sol

(1) = ﬂF@wOXéEe_T/“Q (7.21)

and for problems of infrared transfer
SFa () = bo + bi7 (7.22)

The two stream coeflicients 7, ¢, and X%E define particular forms of the two stream approximation (or
‘'model’). Common forms of these coefficients and the two stream model they define are given in Table 7.1.
The detailed derivation of the coefficients of the Eddington approximation are provided in the appendix
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Table 5.1 Different two stream approximations and the corresponding coefficients

Model r X*

t
Eddington 117 — @o(4 4 39)] -1[1 — w@,o(4 — 3g)] —%2 — 3guc]
Quadrature \/5[2 — wo(l + g)]/2 \/gwo(l - g)]/2 —%[1 — \/gg/J@]
Hemi. constant 2[1 — woﬁ] 2w, ﬂQ

where X = 1—X5, and for p(p, p') = 14+3gup’,f = 1+43gu/2, Bo = 1+3guc /2.

7.4.1  Fundamental solution

Figure 7.7 The geometric setting for the general solution of the two

stream equations.

The general solution follows formally the steps described in chapter 3 in construction of the integral
equation. The solution begins with the pre-multiplication of (7.20) by the integrating factor exp[—At]
leading to

exp[—At]E = exp[—At|AF + exp[—At]X(?)

dt

and with re-arrangement

d —AtF

dexp|—AtJF = exp[—At]|X(t)

dt
Integration of this equation yield
F(r) = exp[Ar]F(0) + / exp[—A(t — 7)|N(1)dt (7.23)
S——— 0
homogenoussoution particularsolution

where we note that the homogeneous component of the solution represents that part of the radiative
transfer that occurs without any contributions by the sources whereas the particular solution represents
that contribution to the transfer directly due to sources.
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Properties of the 2 stream A matrix
t —r
A= 2)
2 —r? 0 1 0
2 _ 32
a= (U7 w )= (5 )
A% = )\?A
where \? = t2 — r2. Tt follows that the expansion (4.x)
A2 A3
AT B4+ Az + —2? 4+ 2P+ ...
2 3
2.2 2243
—E+Ar+ B+ At
2 3
A2z2 iz
=(1 E
Attt
)\2 3 )\3 5
+(x + A ldots)A
3 5
sinh A\x
= cosh \zE
COSBATIS + lambda
where ) .
cosh \x = i(em + e7*%), sinh Az = 5(6” — e ),
and therefore
1 1 0 1 t —r
Azx S (AT -z (AT —Az
e —2(6 +e )<0 1>+2)\(e e )<r —t)
l(l—.—i)e)\m—f—l(l— t)e—)\m _L(e)\m_e—)\m) >
—( 2 Py " v 2a e | (724
( 75 (eM — e77) T1—Her+ 11+ L)e? (7.24)
7.4.2  The homogeneous solution, the Interaction Principle and Global reflection and transmission func-

tions

The homogeneous portion of the general solution (7.23) can be constructed from the interaction

principle written for a sourceless slab medium extending from 0 — 7.
principle (5.x) becomes

In flux form, the interaction
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which can be re-arranged as follows

(?% - <RT—1TT—_1RT—1R _T_1R> (gj%;)

where we can readily identify this expression as the homogeneous part of the solution in (7.23) and further

that . .
. T- ~T-'R
A = <RT1T — RT'R ) (7.25)

Thus by matching each element of (7.25) with the respective elements of (7.24) produces:
R(0,7) = (7.26a)

26—)\7

T(0,7) =
0.7) (1+ 4er + (1 — L)e >

(7.26b)

for the reflection and transmission of a slab of optical depth 7. These functions have the following properties
eThey are bounded between 0 and 1
eThey are intrinsically stable as 7 — oo such that

r
N
A+t

R(0,7) = R

T(0,7) = Ts — 0

where R, and T, are the reflection and transmission properties of a semi-infinite layer. The semi-
infinite reflection is determined solely by the intrinsic scattering and absorption properties of the layer
that establish the define r, ¢t and .

7.4.8  Particular solutions and the interaction principle

By substituting a specific analytic form for ¥(¢) , such as either (7.21) or (7.22), into the particular
solution

/0 " expl_A(t — 1S (8)dt

and with the assumption the matrix A is constant over the interval 0 < ¢ < 7, then we can evaluate this
integral analytically. For the solar source terms

/O " expl—A(t — 7)|S()dt = 7Fw, /O " expl—A(t — 7)|Xoet1e dt (7.27)
X+
%= (%)

4 1
TFyw, / exp[—A(t — 7)|Xpe /™t = 1Fyw,[—E — A] ' X ge /1o
0 270)

where

Integration of (7.27) then follows as
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where

1 1/po—t r
[—E-A]"' = M=(/pe)*  A=(1/ue)?
e —r __1/pe-—t

N—(1/ne)? A —(1/po)?
and E is the identity matrix.

For sources of the form (7.22),

/ " expl—A(t — 7)|S(t)dt = / " expl=A(t — 7)](bo + bit)dt
0 0

bt +7)+br | bi(tH47)
N A2 + A2
Given these forms of particular solution, we can now derive the global source terms as introduced in
section 5.x. TBD

T

7.6 Performance of two stream models

Fluxes derived using two forms of the two-stream model are compared below to fluxes derived from
a 16 stream doubling-adding model. These comparisons are placed within the context of the classification
method implied in Fig. 7.2 above. Although many different two-stream versions could have been included,
only the results of the constant hemispheric model (CHM) of Coakley and Chylek (1975) and the delta-
Eddington model (DEM, Joseph et al., 1976) are presented since these models generally out perform all
other models. Shown are flux differences between the two stream models as well as 16 stream model and
4 stream models for reference.

The solar flux differences presented in this section are in the form

AF(16) — F(2/4)

Assuming the 16 stream solutions are closer representations of truth, the difference values may be inter-
preted as the absolute error in emergent flux (relative to an incident, collimated flux of unit magnitude)
in either the two or four stream model.

Flux differences derived in this way are presented in Fig 7.7a and b respectively for reflected and
transmitted fluxes for the three assumed values of solar zenith angles stated. The results are presented
in the form of the parameter diagram of Fig. 7.2 and reference to Fig 7.2 is thus useful for interpreting
these results. The key points derived from these results are that the solar fluxes derived from the DEM
are superior to the CHM and not substantially inferior to the 4 stream model at least for the solar zenith
angles f; = 0 and 6, = 45 and especially in that part of the phase space that determines most of the
types of radiative transport problems posed by global models (i.e. along the lower optically thin edge of
Fig. 7.2).

Longwave flux differences are derived in a similar manner, namely in terms of the upward flux from the
top of the layer in question and the downward flux from the base of the same layer. These flux differences
were derived from radiative transfer computations for a single isothermal layer illuminated by a unit flux
from below. The comparisons are presented for a single layer characterized by the normalized blackbody
flux of 0.45 (relative to the unit incident flux) representing a layer in the mid-troposphere. The magnitudes
of these flux differences, multiplied by a factor of 100, thus represent percentage errors in longwave fluxes
associated with the scheme in question. The results presented in Fig. 7.8c convey a message similar to
that of the solar flux comparisons - namely that 4 stream solutions are only marginally better than two
stream solutions except under circumstances of optically thin cloud (Fu et al., 1997). Furthermore, the
CHM is superior to the DEM over that portion of the phase space pertinent to the majority of global
IR transport problems. The errors typically range between for the range of problems relevant to global
models.
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16

Figure 7.7 Fig. 7 8 (a) Differences in the reflected solar fluxes between

2,4 and 16 stream models for 3 different solar zenith angles.

Figure 7.8 (b) as in (a) but for downwelling fluxes

Figure 7.8 (c) as in (a) but for downwelling and upwelling TR fluxes
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Table 7.1 Different two stream models and corresponding coefficients

Model t r X
Eddington 1 1 1
—[7-@,(4+39)] | ——[1-@,(4-39)] ——[2-3g4, ]
4 4 4
Quadrature

B2-a,1+9)1/12 |  Bw,(1-9)/2

~2-3gu ]

Hemi. Constant

20-a@,p) 2a,f

B,

Where X~ =1— X and for p(u, i) =1+3gu’,
L=1+3qul2, p =1+3qu, 12,
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