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Scattered 
radiation Scattering event 

Incident 
radiation * 

“Amplitude	
  sca/ering	
  matrix”	
  



More	
  prac7cal	
  approach:	
  	
  
Stokes	
  vector	
  and	
  the	
  phase	
  matrix	
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Phase	
  matrix	
  depends	
  on	
  par7cle	
  size,	
  shape,	
  composi7on,	
  
orienta7on,	
  wavelength	
  of	
  light,	
  illumina7on	
  geometry	
  	
  

I ∝〈E||E||
* +E⊥E⊥

* 〉

Q∝〈E||E||
* −E⊥E⊥

* 〉

U∝〈E||E⊥
* +E⊥E||

*〉

V ∝ i〈E||E⊥
* −E⊥E||

*〉

Note:	
  
σsca	
  =	
  Csca	
  



Phase	
  matrix	
  is	
  simplified	
  in	
  special	
  cases:	
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Rayleigh	
  sca/ering	
  

Mie	
  sca/ering	
  (=	
  spheres)	
  

More	
  general	
  case.	
  Randomly	
  
oriented	
  nonspherical	
  par7cles,	
  
equal	
  amount	
  of	
  par7cles	
  and	
  
their	
  mirror	
  par7cles.	
  	
  

If	
  incident	
  light	
  is	
  unpolarized	
  (Q,U,V	
  =	
  0):	
  
	
  
Intensity	
  of	
  sca/ered	
  light	
  	
  
	
  
	
  
Degree	
  of	
  linear	
  polariza7on	
  
	
  	
  

Is ∝P11(Θ)

−
P12 (Θ)
P11(Θ)



Rayleigh	
  Sca,ering	
  Geometry	
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Ω

Ver7cal	
  Incoming	
  Polariza7on	
  

Horizontal	
  Incoming	
  Polariza7on	
  

Incident	
  Light	
  Unpolarized	
  



Rayleigh	
  Sca/ering	
  formulae	
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0 0 2cosΘ 0
0 0 0 2cosΘ

#

$

%
%
%
%

&

'

(
(
(
(

Phase	
  Matrix	
  

Qs =
8
3
x4 m

2 −1
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Qa = 4x Im
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Cloud	
  Water	
  Absorp7on	
  in	
  
the	
  microwave	
  

k	
  (mass	
  abs.	
  coeff)	
  



Mie	
  solu7on;	
  the	
  result	
  

S1 =
2n+1
n(n+1)

(anπ n + bnτ n )
n
∑

S2 =
2n+1
n(n+1)

(anτ n + bnπ n )
n
∑

an =
mψn (mx)ψn '(x)−ψn (x)ψn '(mx)
mψn (mx)ξn '(x)−ξn (x)ψn '(mx)

bn =
ψn (mx)ψn '(x)−mψn (x)ψn '(mx)
ψn (mx)ξn '(x)−mξn (x)ψn '(mx)

Here	
  ψ,	
  ξ	
  are	
  Ricca7-­‐Bessel	
  func7ons	
  and	
  π,	
  τ	
  are	
  
func7ons	
  of	
  Legendre	
  polynomials,	
  x	
  is	
  the	
  size	
  
parameter	
  and	
  m	
  the	
  complex	
  refrac7ve	
  index.	
  

The	
  series	
  expansions	
  
converge	
  at	
  large	
  n	
  
and	
  are,	
  in	
  prac7ce,	
  
truncated	
  at	
  some	
  	
  
n	
  ≈	
  x	
  …	
  2x.	
  	
  	
  

Expansion	
  coefficients	
  of	
  the	
  sca/ered	
  field:	
  	
  



Mie	
  solu7on;	
  using	
  the	
  result	
  

P11 =
2

Qsx
2 S1

2
+ S2

2( )
P12 =

2
Qsx

2 S2
2
− S1

2( )
P33 =

2
Qsx

2 S2
*S1 + S1

*S2( )

P34 =
2

Qsx
2 Im S2

*S1 − S1
*S2( )

Typical	
  Inputs:	
  	
  
	
   	
   	
  x	
  (size	
  parameter)	
  
	
   	
   	
  m	
  (complex	
  refrac7ve	
  index)	
  

	
  
Typical	
  Outputs:	
  

	
   	
   	
  S1(Θ),	
  S2(Θ)	
  :	
  Amplitude	
  sca/ering	
  matrix	
  (complex)	
  
	
   	
   	
  Qe,	
  Qs	
  :	
  Ext,	
  Scat	
  efficiencies	
  

β = kρ =σn

σ e =Qeπr
2

σ s =Qsπr
2

ρ =
4
3
πr3ρmn



Phase	
  Func7on	
  of	
  water	
  spheres	
  	
  
(Mie	
  theory)	
  

Low	
  Asymmetry	
  
Parameter	
  

High	
  Asymmetry	
  
Parameter	
  



Mie	
  Theory	
  

•  Exact	
  Qs,	
  Qa	
  for	
  spheres	
  of	
  some	
  x,	
  m.	
  

	
  

•  a,	
  b	
  coefficients	
  are	
  called	
  “Mie	
  Sca/ering	
  coefficients”,	
  func7ons	
  
of	
  x	
  &	
  m.	
  	
  Easy	
  to	
  program	
  up.	
  

•  “bhmie”	
  is	
  a	
  standard	
  code	
  to	
  calculate	
  Q-­‐values	
  in	
  Mie	
  theory.	
  

•  Need	
  to	
  keep	
  approximately	
  x	
  +	
  4x1/3	
  +	
  2	
  terms	
  for	
  convergence	
  

	
  

	
  



Qe for NON-
ABSORBING SPHERES 



 Mie Theory Results for ABSORBING SPHERES 



Varia7ons	
  of	
  SSA	
  with	
  wavelength	
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(c) Single Scatter Albedo - Cloud Droplets

r = 5 µm
r = 10 µm
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(d) Single Scatter Co-Albedo - Cloud Droplets

r = 5 µm
r = 10 µm
r = 20 µm
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(a) Single Scatter Albedo - Water vs Ice

Water, r = 20 µm
Ice, r = 20 µm
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(b) Single Scatter Co-Albedo - Water vs Ice

Water, r = 20 µm
Ice r = 20 µm
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